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Complete set of Maxwell equations is represented by single equation using the Riemann-Silberstein 
vector F = E + iB. We demonstrate that the Fourier form of invariants E 2 — B 2 and EB is 
proportional to dissipated power and equal to zero respectively. 

PACS numbers: 03.50.-z, 03.50.De 
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The relative orientation of the magnetic and electric 
fields in a particular co-ordinate system is of great im- 
portance since both the real and the imaginary parts of 
the product F 2 = E 2 — £? 2 +2iEB remain invariants along 
upon the Lorentz relativistic transformation. In this pa- 
per we represent Maxwell equations set by a single equa- 
tion using Riemann-Silberstein 0], Q formalism. Then, 
Fourier analysis allows us to eliminate the role playing 
by both invariants. 

We use the set of conventional Maxwell equations 



1 dE 4tt , 
rotB = -— — I J 

c at c 



divB = 



(1) 



10B ,. ^ „ 
rotE = — divE = Ann. 

c dt ' 



Here, 



the total current J 

.free 



and 



jfree + Q . rotM + fflP 

charge density p = p trco — divP are modified with respect 
to those for free carriers J frcc ; p frcc taking into account 
the polarization P and magnetization M of the system 



3] 



With the help of conventional definition B = rotA, 
E = — — V0 widely used to represent vector and 
electrical auxiliary potentials respectively Eqs.Q yield 



□ 



47T 1 dib 

A = — —J + Vip a f, = -4arp--JjL, (2) 



where ip = divA + □ is the d'Lambert operator. 

We argue that Eqs.J^I provide the gauge transformation 
A — > A + V/, 4> —* <ft — \ is already satisfied. 

It is to be noted that Eqs.© differ with respect to 
those known in literature. Usually, upon the extra con- 
dition ip = one can readily recover the conventional 
Lorentz gauge divA + -J^ = 0, therefore Eqs.© 
become uncoupled. One can check, however, that the 
gauge transformation(see above), if applied, results in 
additional equation rrf — 0, which is always disregarded 
0. 

We now represent Maxwell equations by means of 
Riemann-Silberstein vector F. Eqs.QJ yield 



where we introduce auxiliary vector I = 47r(J/c 2 + V/o). 
One can complete the transformed Maxwell equations 
set implied above using the conventional boundary con- 
ditions as follows 



F 2n ~ F ln = 4it<t, 



[nFi] 



Airi . 



(5) 



where Fx 2 is the complex field above(below) the in- 
terface, n the normal to the interface. Then, we in- 
troduce the unit area related surface charge density 
<7 = a' ree — (i"2n — Pin) an d surface current density 
j=j/f« + c ([nM a ]-[nMi]). 

The advantage of the Eqs.@,|J5J is, in fact, the com- 
pact representation for both the current (charge) sources 
of the electromagnetic field. In particular case of elec- 
tric (magnetic) dipole irradiation Eq.(Q} can reproduce, 
for example, the conventional result [6] as follows 



47TJ 



rot(K - ic ■ rotK) - 47TqP. 



(6) 



Here, we neglect free charge(current) densities, and, then 
introduce the complex electric (magnetic) dipole moment 
of the system K = P + iM. 

With the complex field F specified above the energy 
conservation law may be represented as follows 



-I^-(FF* 

8tt dV 



-divS - Ji?eF, 



(7) 



where F* = E iB, S = J^FFF*! = -MEB1 is the 
conventional Poynting energy flux density. 



„iujt — zkr d k du 



Within Fourier formalism F = f Fj-.^e 1 ' — 

— CO 

Eq.Q yields 



F,, 



[kl* 



ico 

K 



2 ~^-k,uj j 



where I k , u = 4tt(%^ - £ ^) ! then n 2 
Since (Ik,ui [kI/c jU ]) = 0, one obtains 



(8) 

k 2 - lj 2 /c 2 . 



rotF = -(F + 4ttJ), divF = 47rp (3) 
c 



and finally 



□ 



F = I — ic ■ rotl, 



(4) 



ReF 2 



47T 



0. 



(9) 



The latter result, namely that (Efc )W Bfc,uO = can be 
easily derived using Eqs.Q) as well. It's worthwhile to 



2 



mention that ~Ek,u — — Brlfe.uj) an d thus ReF^ u is pro- 
portional to dissipated energy (Jfc, w Efc !W ). For p = 
Eqs.© correspond to electromagnetic wave propagating 
in vacuum when EB — 0, E 2 - B 2 = 0. 

In conclusion, we represent complete set of Maxwell 
equations by single equation using Riemann-Silberstein 



formalism. Fourier form of invariants E 2 — B 2 and EB 
is proportional to dissipated power and equal to zero re- 
spectively. 
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